
$�&DXVDO�0RGHO�ZLWK�/DWHQW�9DULDEOHV�DQG�8QLTXH�6ROXWLRQV8Q�0RGHOOR��&DXVDOH�&RQ�9DULDELOL�/DWHQWL�D�6ROX]LRQL�8QLFKH
*LRUJLR�9LWWDGLQL0LODQ�%LFRFFD�8QLYHUVLW\�± 'HSDUWPHQW�RI�6WDWLVWLFVJLRUJLR�YLWWDGLQL#XQLPLE�LW.ODXV�+DDJHQ7UHQWR�8QLYHUVLW\�± 'HSDUWPHQW�RI�6WDWLVWLFVNKDDJHQ#FV�XQLWQ�LW

5LDVVXQWR��3HU�RYYLDUH�DO�SUREOHPD�GHOOD�QRQ�XQLFLWj�GHOOH�YDULDELOL�ODWHQWL�QHL�PRGHOOL�VWUXWWXUDOL� LQ� SDVVDWR� q� VWDWR� SURSRVWR� GL� ULFDYDUOH� FRPH� FRPELQD]LRQL� OLQHDUL� GHOOH�YDULDELOL� RVVHUYDWH�� ,Q� TXHVWR� ODYRUR� VL� RWWHQJRQR�� PHGLDQWH� LO� PHWRGR� GHOOH�³RVVHUYD]LRQL� UHSOLFDWH´� SURSRVWR� GD� +DDJHQ� H� 2EHUKRIHU� �������� OH� YDULDELOL� ODWHQWL�HVRJHQH� FRPH� FDXVH� GHL� ULVSHWWLYL� LQGLFDWRUL� RVVHUYDWL� LQ� PRGR� XQLYRFR��6XFFHVVLYDPHQWH��QHOO¶LSRWHVL�FKH�VLD�LPSRVVLELOH�ULFDYDUH�OH�YDULDELOL�ODWHQWL�HQGRJHQH�H�JOL�HUURUL�GHOOH�HTXD]LRQL�PHGLDQWH�³RVVHUYD]LRQL�UHSOLFDWH´� OL�VL�RWWHQJRQR�FRPH�FDXVH�XQLFKH�GHOOH�YDULDELOL�RVVHUYDELOL�XWLOL]]DQGR�OH�LSRWHVL�VRWWRVWDQWL�LO�PRGHOOR�VWUXWWXUDOH�HVSUHVVR�LQ�IRUPD�ULGRWWD�
.H\ZRUGV� 6WUXFWXUDO� 0RGHO�� ,GHQWLILFDELOLW\�� ,QGHWHUPLQDF\�� 5&)0�� 3DWK� GLDJUDP��3/6��5&'�
�� ,QWURGXFWLRQ,W� KDV� EHHQ� DOUHDG\� GHPRQVWUDWHG� WKDW� WKH� SDUDPHWHUV� RI� WKH� VWUXFWXUDO� PRGHO��-|UHVNRJ�� ������ ������ DUH� QRW� LGHQWLILDEOH� DQG� WKH� ODWHQW� YDULDEOHV� DUH� LQGHWHUPLQDWH�XQGHU�JHQHUDO� FRQGLWLRQV� �%HQWOHU��������9LWWDGLQL�������DQG��������1HZ�PHWKRGV� IRU�REWDLQLQJ�XQLTXH�VROXWLRQV�KDYH�EHHQ�SURSRVHG��7KH� ILUVW�SURSRVDO� LV� WKH�3DUWLDO�/HDVW�6TXDUHV��3/6���YDOLG�IRU�ERWK�WKH�IDFWRULDO�PRGHO�DQG�WKH�VWUXFWXUDO�PRGHO��1RRDQ�DQG�:ROG�� ������� $QRWKHU� RQH� LV� WKH� H[WHQVLRQ� RI� WKH� 5HJUHVVLRQ� &RPSRQHQW�'HFRPSRVLWLRQ� �5&'�� �6FK|QHPDQQ� DQG� 6WHLJHU�� ������� WR� WKH� VWUXFWXUDO� PRGHOV��+DDJHQ� DQG�9LWWDGLQL�� ������+DDJHQ� DQG�9LWWDGLQL�� IRU�WKH�5HVWULFWHG�0RGHO�� �������+RZHYHU�WKH�5&'�DQG�WKH�3/6�FDQQRW�EH�FRQVLGHUHG�DV�VWUXFWXUDO�PRGHOV��EHFDXVH�WKH\�DUH�OLQHDU�WUDQVIRUPDWLRQ�PHWKRGV��9LWWDGLQL���������$Q�DOWHUQDWLYH�PHWKRG�ZDV�SURSRVHG�E\�9LWWDGLQL�H�/RYDJOLR���������6WDUWLQJ�IURP�WKH�3DWK GLDJUDP�DQG�IURP�WKH�SURSHUWLHV�RI�WKH�3DUWLDO�/HDVW�6TXDUHV��WKH�³H[RJHQRXV�ODWHQW�YDULDEOHV´�DUH�REWDLQHG�E\�PHDQV�RI�D� OLQHDU� WUDQVIRUPDWLRQ�RI� WKH�REVHUYHG�YDULDEOHV��ZKHUHDV� WKH� HQGRJHQRXV� YDULDEOHV� DUH� VWLOO� FRQVLGHUHG� DV� FDXVHV� RI� WKH� UHVSHFWLYH�LQGLFDWRUV�
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+DDJHQ� DQG� 2EHUKRIHU� ������� KDYH� SURSRVHG� WKH� 5HSOLFDWHG� &RPPRQ� )DFWRU�0RGHO��5&)0�� ZKLFK� VROYHV� WKH� LQGHWHUPLQDF\� SUREOHP� RI� WKH� FRPPRQ� IDFWRUV�DV\PSWRWLFDOO\��:KHQ� WKH� DVVXPSWLRQV� RI� WKH�5&)0�PRGHO� DUH� RQO\� VDWLVILHG� IRU� WKH�PHDVXUHPHQW�PRGHO�ZLWK�WKH�HQGRJHQRXV�YDULDEOHV�LW�LV�SRVVLEOH�WR�JHW�XQLTXH�VROXWLRQV�DV� FDXVHV� IRU� WKH� H[RJHQRXV� YDULDEOH� DQG� WKH� HUURUV� LQ� HTXDWLRQ� VWDUWLQJ� IURP� WKH�DVVXPSWLRQV� RI� WKH� UHGXFHG� PRGHO�� $OO� WKH� SURSULHWLHV� RI� WKH� VWUXFWXUDO� PRGHO� DUH�VDWLVILHG��$Q�H[DPSOH�VKRZV�WKH�YDOLGLW\�RI�WKH�WKHRUHWLFDO�UHVXOWV�
�� 7KH�VWUXFWXUDO�PRGHO7KH�VWUXFWXUDO�PRGHO�LV�FRPSRVHG�RI�RQH�VWUXFWXUDO�DQG�WZR�PHDVXUHPHQW�HTXDWLRQV�

��L� $ ��L��32�L����L� ���[�L� /;¶��L��/�L� ���\�L� /<2�L��0�W� L ��«��Q ���
ZKHUH�[�L���\�L� DUH�WKH�L�HWK�REVHUYDWLRQV�RQ�WKH�YDULDEOHV�[ DQG�\�UHVSHFWLYHO\�,W�LV�DVVXPHG�WKDW�WKH�DOO�UDQGRP�YDULDEOHV�KDYH�]HUR�PHDQ�DQG�ILQLWH�YDULDQFH��DQG�WKDW�$ LV� D� WULDQJXODU� PDWUL[� ZLWK� ]HUR� RQ� WKH� PDLQ� GLDJRQDO��\�L��� [�L�� ��L�� 2�L� DUH� YHFWRUV�UHVSHFWLYHO\�ZLWK�S��T��P��N�FRPSRQHQWV�LGHQWLFDOO\�GLVWULEXWHG��2�L�����L���/�L���0�L� �L ���«Q��DUH�LGHQWLFDOO\�DQG�LQGHSHQGHQWO\�GLVWULEXWHG�7KHUHIRUH��JLYHQ�7 �2����«««��2�Q����** �JJ����««���JJ�Q����û �/����««�/�Q����( �HH����««��HH�Q���LW�LV�K\SRWKHVL]HG�WKDW�
�D���(��û��+��DQG�7 LQGHSHQGHQW�
�E���(��û��DQG�+ LQGHSHQGHQW�
�J��( DQG�û LQGHSHQGHQW�
$W�WKLV�SRLQW�LI�; �[�����«��[�Q����<  ��\�����«��\�Q���DUH�WKH�Q�REVHUYDWLRQV�RQ�WKH�REVHUYHG�YDULDEOHV�DQG�//  ��OO�����«�OO�Q���WKH�����± ����EHFRPHV�

//  �$// ��37���**  ��,�$��� 37 ���,�$��� ** ���
; /;//�'' ���
< /\7�( ���

%\�PHDQV�RI�����WKH�PRGHO�����± ����FDQ�EH�H[SUHVVHG�LQ�WKH�UHGXFHG�IRUP�
»¼º«¬ª<;  �� �� �� �� »»»»¼¼ºº««««¬¬ªª ���� ���� �/ ù,/3ù,/
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)RU��D����E���WKH�PDWULFHV�/[��/\��3 DUH�UHVSHFWLYHO\�WKH�UHJUHVVLRQ�FRHIILFLHQWV�PDWULFHV�RI�// RQ�;��7 RQ�<��7 RQ�//��(YHU\�URZ�DK RI�$ LV WKH�UHJUHVVLRQ�FRHIILFLHQWV�YHFWRU�RI�//K�RQ�OOK >//K�  ��OO������OOK���@�7KHUHIRUH�IURP�����ZH�KDYH�
�<+  ¦ �����������������������������������������������������������DQG�IURP����� ��û  ¦ �������������� ���

:H� REVHUYH� WKDW� WKH� H[RJHQRXV� ODWHQW� YDULDEOHV� 7 DUH� WKH� FDXVHV� RI� WKH� REVHUYHG�LQGLFDWRUV�< LQ�WKH�PHDVXUHPHQW�PRGHO������DQG�RI�WKH�HQGRJHQRXV�ODWHQW�YDULDEOHV�� LQ�WKH�VWUXFWXUDO�PRGHO������WKH�HUURUV�LQ�HTXDWLRQV�** DUH�WKH�FDXVHV�RI�WKH�ODWHQW�YDULDEOHV�//LQ� WKH�VWUXFWXUDO�PRGHO������7KHUHIRUH� WKH�7 DQG�** DUH�DOVR� WKH�FDXVHV�RI� WKH�REVHUYHG�LQGLFDWRUV�; E\�PHDQV�RI�// LQ�WKH�UHGXFHG�PRGHO�����7KH�SUREOHPV�RI�LGHQWLILFDWLRQ�DQG�LQGHWHUPLQDF\�IRU�WKH�VWUXFWXUDO�PRGHOV�DUH�WKH�VDPH�WR�WKRVH�GLVFXVVHG�IRU�WKH�XVXDO�FRPPRQ�IDFWRU�PRGHO��9LWWDGLQL��������������
�� 7KH�UHSOLFDWHG�FRPPRQ�IDFWRU�PRGHO,Q� RUGHU� WR� UHVROYH� WKH� SUREOHP� RI� LGHQWLILFDWLRQ� DQG� RI� LQGHWHUPLQDF\�RI� WKH� IDFWRU�PRGHO�+DDJHQ�DQG�2EHUKRIHU��������������KDYH�SURSRVHG�WKH�5)&0�,W� LV� DVVXPHG� WKDW� LQ� WKH�PHDVXUHPHQW�PRGHO� ���� HYHU\� REMHFW� �L�� FDQ� EH� REVHUYHG� V�WLPHV��7KH�YHFWRUV�RI�HUURUV� WHH�L� DW�HYHU\�WLPH�W��W� ����«��V��KDYH�]HUR�PHDQ�DQG�ILQLWH�YDULDQFH�DQG�DUH�LQGHSHQGHQW�IURP�HYHU\�RWKHU�YHFWRU��YHH�L� FRQFHUQLQJ�D�GLIIHUHQW�WLPH�Y��Y��W� ����«��V���7KH�FRPPRQ�IDFWRUV�7 DUH�LQGHSHQGHQW�IURP�WKH�WLPH�W�DQG�IURP�HYHU\�
WHH�L� �W� ����«��V��7KH�PHDVXUHPHQW�PRGHO������LQ�WKH�5&)0�EHFRPHV�

6<  �/<7Ö ��6( ����
V<  �����<� ���<�«� �V�<���S��QV�� V(  �����(�����(��«���V�(���S��QV� QV��P��7�����7�7Ö   

8QGHU� JHQHUDO� FRQGLWLRQV� DQG� UHVWULFWLRQV� WKHUH� DUH� FRQVLVWHQW� PD[LPXP� OLNHOLKRRG�HVWLPDWRUV�IRU��/\��V(��E\�PHDQV�RI�WKH�5)&0��2EHUKRIHU�DQG�+DDJHQ�������:H� NQRZ� WKDW� �*XWWPDQ� ������ WKH� VROXWLRQ� IRU� WKH� PHDVXUHPHQW� PRGHO� ���� FDQ� EH�UHSUHVHQWHG�E\�
7� � 
</ 6<���<�= ����

ZLWK�= DUELWUDU\�UDQGRP�YHFWRU�2EHUKRIHU� DQG�+DDJHQ� �������GHPRQVWUDWH� WKDW� IRU�JLYHQ�/<� (6 WKH� DV\PSWRWLF� OLQHDU�VROXWLRQ��ZKHQ�Vof��LV�QRW�LQGHWHUPLQDWH�EHFDXVH�
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ZKHUH <V6 LV� WKH� YDULDQFH�FRYDULDQFH� PDWUL[� RI� V< ZKLOH� < V DUH� WKH� FRUUHVSRQGHQW�PHDQV��ZLWK����VT�������7KHUHIRUH�WKH�PHDVXUHPHQW�PRGHO�����FDQ�EH�UHZULWWHQ�LQ�WKH�ZD\�DORQJ�D�5&'�

74<<< 666 ��  73 ����ZLWK�
76 4<(   ����

�� 8QLTXH�VROXWLRQV�IRU�WKH�VWUXFWXUDO�PRGHOV,I� LW� LV� SRVVLEOH� WR� REWDLQ� V� UHSOLFDWHG� REVHUYDWLRQV� DOVR� RQ�; ZH� FDQ� REWDLQ� XQLTXH�VROXWLRQV�E\�PHDQV�RI�WKH�5&)0��2WKHUZLVH�IURP�WKH�ODWHQW�YDULDEOHV�7 DQG�IURP�WKH�UHGXFHG�PRGHO�����ZH�FDQ�REWDLQ�DOVR�WKH�ODWHQW�YDULDEOHV�// DQG�WKH�HUURUV�** DV�XQLTXH�³FDXVDO´�VROXWLRQV�,Q�RUGHU�WR�EHWWHU�XQGHUVWDQG�WKH�PHWKRG�IRU�REWDLQLQJ�XQLTXH�VROXWLRQV��JLYHQ�WKH�ODWHQW�H[RJHQRXV�YDULDEOHV�7��ZH�SURSRVH�WKH�IROORZLQJ�SDWK�GLDJUDP��)LJXUH�����
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7KH� VSHFLILFDWLRQV� RI� SDWKV� VXJJHVW� FRQVLGHULQJ� WWDD�� WWEE�� WWJJ WKH� FDXVHV� RI� <DD�� <EE� <JJUHVSHFWLYHO\��OODD��OOEE� WKH�FDXVHV�RI�;DD��;EE UHVSHFWLYHO\��WWDD��WWEE��WWJJ��JJDD DV�WKH�FDXVHV�RI�OODD DQG�WKHUHIRUH� E\�PHDQV�RI�OODD�� RI�;DD��WWDD��WWEE��WWJJ��OODD��JJEE DUH� WKH� FDXVHV�RI�OOEE DQG� WKHUHIRUH�E\�PHDQV�RI�OOEE RI�;EE��6WDUWLQJ�IURP�WKH�DVVXPSWLRQV�RI�WKH�UHGXFHG�PRGHO �����WKH�VFRUHV�RI�//��**��((��'' DUH�SHUIRUPHG�
*LYHQ� 7�� WKH� ILUVW� HTXDWLRQ� RI� WKH� VWUXFWXUDO� PRGHO� LQ� ���� DQG� WKH� ILUVW� VXEVHW� RI�REVHUYHG�YDULDEOHV�; FRQFHUQLQJ�OODD LQ�����DUH��

OODD SDD7�JJDD ����
...;.; /�/	/ ����  .. S; ����

:H�FDQ�GHILQH�SDD DV�WKH�EHVW�OLQHDU�FRPELQDWLRQ�RI�7 WKDW�WKH�EHWWHU�ILWV�;DD��
.;/ SDD ;DD 
7 67�� ����

)RU��D������JJDD PXVW�EH�XQFRUUHODWHG�ZLWK�7�� V< DQG�WKHUHIRUH� FDQ�EH�GHILQHG�DV�D�OLQHDU�FRPELQDWLRQ� RI� ;DD V<4 �L�H�� E\� PHDQV� RI� WKH� SULQFLSDO FRPSRQHQW�� WKH� FDQRQLFDO�FRUUHODWLRQ�� WKH� UHGXFHG� UDQN� UHJUHVVLRQ�� ZKHUH� WKH� OLQHDU� WUDQVIRUPDWLRQ� PHWKRGV� LV�VXJJHVWHG�E\�WKH�HPSLULFDO�SUREOHP�VWXGLHG��:H�REWDLQ� JJDD NDD;DD V<4 ����
ZLWK�NDD YHFWRU�RI�SDUDPHWHUV�DQG�

��...; 6�;/ ��cc  DD � ����
)URP������������ZH�KDYH�

SDD � cc.;/ ��.;/ �� cc.;/ ;DD767��� ����
)RU�JHQHULF�OOKK ZH�KDYH�IURP�����������������DQG������

;KK  � >> @@���� S�D�.;/ »»»»¼¼ºº««««¬¬ªª 
R�7� � ��.; /�/ � �� ����

JJKK NKK;KK V<4 ����
ZKHUH�
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7KHUHIRUH��IURP������ZH�KDYH�LQ�����
>DKK��SKK@ � �� �� 
[[[ ��� //
/ ��� �)
 6); ��

KKKKKK ����
DQG�WKHUHIRUH�IURP�����������������DQG������

OOKK >DKK��SKK@)�JJKK ����
%\�PHDQV�RI��WKH�������������ZH�GHILQH������$W�WKH�HQG�IURP�����ZH�FDQ�GHILQH�''��*LYH��D����E���J��ZH�KDYH

''  �; V(+	4 ���� ����
�� 3URSHUWLHV�RI�WKH�PRGHO
:H�FDQ�VKRZ�WKDW�
���$OO�WKH�SURSULHWLHV�RI�WKH�ODWHQW�YDULDEOHV�DUH�YHULILHG�:H�KDYH�IURP������������

FRY�>7�(@ FRY �� �� �4<�7 76   �������������� ����
IURP������������ FRY >> @@  **�7  FRY   ¸̧¹¹··¨̈©©§§ �� V6 <
<\ ;4<6
/V .�� V� �� ����
IURP������DQG�������� �7   »»¼¼ºº««¬¬ªª  ���� V(+77�;4�û�� FRYFRY � ����
IURP������DQG������ >> @@ �� �� �.     7VV<V 4<�;4+�( FRYFRY � ����
IURP�������������

– 216 –



FRY��**� ''� �4;�+ V(+7   »»¼¼ºº««¬¬ªª  ����FRY ���������������������������������
IURP������������ �  ¸̧¹¹··¨̈©©§§  ���� VVV(+7V (<�;4�û�(� FRYFRY �����������������������������
IURP�����������

FRY��//��''�  �FRY ��� $��,37$���,> ������ **� V(+7;4 ���� @� ��� ����IURP������
FRY��** ��<�;4��<� 6V<V     .FRY ����������������������������������

��� 7KH� PDWULFHV� /[�� /\�� /[�,�$���3�� /[�,�$��� DUH� UHVSHFWLYHO\� WKH� 2/6� UHJUHVVLRQ�FRHIILFLHQW�PDWULFHV�RI�// RQ�;��7 RQ� V< ��7 RQ�;��** RQ�;�7KH�PDWUL[�3 DQG� WKH� YHFWRU�DKK DUH� WKH�2�/�6�� UHJUHVVLRQ� FRHIILFLHQWV�PDWULFHV��3�� DKKUHVSHFWLYHO\� WKH� GLUHFW� SDWKV� RI� 7 RQ� // DQG� RI� //RKK RQ� OOKK�� �,�$���3�� �,�$��� JLYH�UHVSHFWLYHO\�WKH�WRWDO�SDWKV�RI�7 RQ�// DQG�RI�** RQ�//�
���7KH�ODWHQW�YDULDEOHV�7 FDQ�EH�FRQVLGHUHG�FDXVHV�RI�WKH�YDULDEOHV� V< E\�PHDQV�RI�WKH�5)&0�� 7KH� ODWHQW� YDULDEOHV� �KK FRPSRVHG� E\� WKH� OLQHDU� FRPELQDWLRQ� RI� WKH� ODWHQW�YDULDEOHV�7 WKDW�EHWWHU�ILWV�;KK DQG�E\��JJKK XQFRUUHODWHG�ZLWK� V< DQG�//KKR  �>OOKK �«�OOKK��@ DUH�FDXVHV� RI� ;� 7KHUHIRUH� WKH� PHDVXUHPHQW� PRGHOV� FDQ� EH� FRQVLGHUHG� DV� WZR� FDXVDO�PRGHOV��$OVR�WKH�VWUXFWXUDO�FDQ�EH�FRQVLGHUHG�DV�FDXVDO�PRGHO�EHFDXVH�7 DUH�QRW�OLQHDU�FRPELQDWLRQ�RI�WKH�//�7KH�VROXWLRQV�DOORZ�WR�REWDLQ�WKH�IROORZLQJ�5�&�'��RI�WKH�YHFWRULDO�VSDFHV�JHQHUDWHG�E\�WKH�REVHUYHG�YDULDEOHV�;��<

û(+V	VV 3,3,3<;3<;<; V »»¼¼ºº««¬¬ªª��»»¼¼ºº««¬¬ªª��»»¼¼ºº««¬¬ªª��»»¼¼ºº««¬¬ªª  »»¼¼ºº««¬¬ªª �� ����
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/HW�XV�FRQVLGHU�DQ�H[DPSOH�DERXW�&XVWRPHU�6DWLVIDFWLRQ��ILJXUH����)LJXUH��
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7KH�ODWHQW�YDULDEOH�WW LV�UHDFKHG�E\�PHDQV�RI�5&)0��WKH�HUURUV�LQ�HTXDWLRQV�E\�PHDQV�RI�WKH� 5HGXFHG� 5DQN� 5HJUHVVLRQ� PHWKRG�� %HFDXVH� LW� LV� LPSRVVLEOH� WR� REWDLQ� UHSOLFDWHG�REVHUYDWLRQV�IRU�WKH�REVHUYHG�LQGLFDWRUV�;�ZH�XVH�WKH�PHWKRG�VKRZQ�LQ�WKH�SDUDJUDSK���IRU� REWDLQLQJ� WKH� ODWHQW� YDULDEOH� // DQG� WKH� HUURUV� LQ� HTXDWLRQV� **�� 7KH� YDULDQFH�FRYDULDQFH�PDWULFHV�DQG�WKH�UHJUHVVLRQ�FRHIILFLHQWV�PDWULFHV�DUH�VKRZQ�LQ�WKH�WDEOHV������
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