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Abstract

A new approach for the estimation and the validation of a structural equation model with a formative-reflective scheme is presented.
The basis of the paper is a proposal for overcoming a potential deficiency of PLS path modeling. In the PLS approach the reflective
scheme assumed for the endogenous latent variables (LVs) is inverted; moreover, the model errors are not explicitly taken into
account for the estimation of the endogenous LVs. The proposed approach utilizes all the relevant information in the formative
manifest variables (MVs) providing solutions which respect the causal structure of the model. The estimation procedure is based on
the optimization of the redundancy criterion. The new approach, entitled redundancy analysis approach to path modeling (RA-PM)
is compared with both traditional PLS Path Modeling and LISREL methodology, on the basis of real and simulated data.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This paper proposes a new approach for the estimation and the validation of a structural equation model characterized
by a formative scheme for exogenous latent variables (LVs) and a reflective scheme for endogenous LVs. The proposal
consists of an alternative approach to the PLS path modeling approach (PLS-PM) introduced by Lohméller (1989).

In order to examine the implications involved in the adoption of a formative-reflective scheme, let us examine an
example regarding the causal links between the investment in human capital (HC), (i.e. educational attainment and
work experience), and the ability to generate earned and property income, as indicated in Fig. 1.

The HC model, which is described in detail in Section 7, consists of two exogenous LVs, “educational HC” and
“work experience HC”, and two endogenous LVs which can be defined as the “ability to generate earned income”
and the “ability to generate property income”. These two endogenous LVs represent the innate capability to transform
educational attainment and work experience into the process of accumulation of earned and property income.

The results of the application reveal some critical points in PLS-PM. First of all, the goodness of fit is quite low
(GoF=0.3863) and, as Goldstein—Dillon’s p shows, the formative block containing the Job indicators is not unidimen-
sional (p = 0.1630). We expect that the extraction of further information from the formative manifest variables (MVs)
will improve the model’s goodness of fit. Hence we suggest the explicit introduction of the model errors (estimated
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Fig. 1. The structural model for human capital.

by means of the residuals) into PLS-PM. Secondly, we observe that the redundancy of the reflective MVs accounted
for by the estimated endogenous LVs (40.62%) is greater than the redundancy accounted for by the formative MVs
(34.51%). This anomalous result depends on Lohmoller’s algorithm, which estimates the endogenous LVs as linear
combinations of their reflective MVs.

In order to resolve the problems mentioned above, we propose a new approach based on the optimization of the
redundancy criterion (Stewart and Love, 1968). The new approach, entitled RA-PM (redundancy analysis approach to
path modeling), utilizes all the relevant information in the formative MVs and provides solutions which respect the
causal structure of the model.

The paper is organized as follows: in Section 2, the formative-reflective model is introduced; in Section 3, the
traditional methodologies utilized for its estimation are discussed; in Section 4, the RA-PM algorithm is presented; in
Section 5, an appropriate measure of goodness of fit is proposed; in Section 6, a discussion of the basic choices and
properties of RA-PM is provided; in Sections 7 and 8, RA-PM is compared with traditional PLS-PM and the LISREL
methodology, on the basis of real and simulated data; in Section 9, some conclusions and further research are proposed.

2. The formative-reflective model

The non-recursive structural equation model considered in this paper is characterized by a formative scheme for the
exogenous LVs and a reflective scheme for the endogenous LVs.

The measurement model of the exogenous LVs imposes a formative relationship between each LV and its corre-
sponding MVs, i.e. each exogenous LV summarizes its MVs

é(j):wzj)x(j)—"_u(j)s J=1...r, (D
where f(j), j=1,...,r,1s arandom variable denoting the jth exogenous LV; X(j) =(X{)1s---s X(j)p/.)/ isa pj-
dimensional vector of centred observable random variables; ;) = ()1, . .., @(j)p;)" is a p;-dimensional vector of

unknown outer weights; ;) is a random disturbance, with expected value null and uncorrelated to the MVs X G- It
can be observed that, in the formative scheme, the blocks of MV's can be multidimensional (Tenenhaus et al., 2005).

The measurement model of the endogenous LVs imposes a reflective relationship between each LV and its corre-
sponding M Vs, i.e. each endogenous LV is described by its MVs:

X(k)zl(k)’?(k)-l-ﬂk), k=1,...,s, (2)

where Nk)s k=1,...,s,is arandom variable which denotes the kth endogenous LV; Z(k) =Yw1, .- Y(k)qk)’ isa
gr-dimensional vector of centred observable random variables; Ax) = (A1, - - - » /I(k)qk)/ is a gx-dimensional vector of
unknown loadings; gy = ety - - s(k)qk)’ is a gx-dimensional vector of errors of measurement, with expected value
null and uncorrelated to Nk)- It can be observed that, in the reflective scheme, the blocks of MVs are unidimensional
in accordance with factor analysis (Tenenhaus et al., 2005).

The model is completed by the structural equation which describes the relationship between the LVs

Ny = B +vaé+ L, k=1,....5, (3)
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Fig. 2. A formative-reflective structural equation model.

where 7 is a random vector which contains the endogenous LVs; ¢ is a random vector which contains the exogenous
LVs; ﬁ(_k) and y() are vectors of s and r unknown path coefficients, respectively; { (k) is a random variable indicating
the “error in equation” associated with the kth endogenous LV 7. Errors in equations “may represent the effect of
unknown variables or the effect of known but omitted variables” (Saris and Stronkhorst, 1984).

In a compact form, model (1)—(3) can be rewritten as

E=0xX +u, “

Y=Ayn+e Q)
and

n=Bn+T'é+{=A-B)'T'¢+aA-B)'¢. (©6)

Given the observations of n independent drawings of the random vectors x 0 and y @’ by arranging the observations
in n-dimensional column vectors, model (4)—(6) becomes

E=XQy + 1, )

Y =HAy +E ®)
and

H=HB+ZI'+Z=Erd-B) '+Zd-B)"!, 9)
where E = ({1, ..., &) is a (n x r) matrix of latent scores on é; H=q),..., 1) is a (n x s) matrix of latent
scores on 1; X'=(X(1), ..., X(p)) is a (n x p) matrix of observations on X; Y = (y(1), ..., ¥(g)) is a (n x ¢) matrix of
observations on Y; Uis a (n x r) matrix of random disturbances; E = (€1, . .., €(4)) is a (n x ¢) matrix of errors of
measurement; Z = ({(1), ..., {(»)) isa (n x s) matrix of errors in equations.

In the special case of r = 2 and s = 2, model (7)—(9) corresponds to the HC model, completed by the errors in
equations (see Fig. 2).
A suitable estimation method for model (7)—(9) should have the following properties:

(i) The parameter identifiability.
(i) The non-correlation between exogenous LVs and errors in equations.
(iii) The uniqueness of the latent scores.
(iv) The coherence of the solutions with the causal structure of the model (i.e. the path directions).
(v) The utilization of all the relevant information in the formative MVs, which implies the modelization of the residuals.
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3. Problems in PLS path modeling and LISREL model

PLS-PM (Wold, 1982) satisfies properties (i) and (iii) (given that “the rank of components models is equal to the rank
of the MVs”, Lohmoller, 1989) but does not respect properties (ii), (iv) and (v), as will be discussed in the following
section. For the sake of simplicity, the discussion will regard the case of a formative-reflective model characterized by
r=1lands=1.

In traditional PLS-PM, LVs are estimated as linear combinations of their MVs, with weights obtained by means of
an iterative procedure which takes into account the inner relations of the model, as will now be briefly described (for
an up-to-date review, see Tenenhaus et al., 2005).

Outer estimation: The standardized “outer estimates” of latent score vectors & and #, indicated by Eueer and Houter,
respectively, are obtained as linear combinations of their observed M Vs, given the arbitrary vectors of outer weights
wo and vg:

Eouter X Xang (10)
and
Houter X Yvy. (11)

Inner estimation: The standardized “inner estimates” of & and #, indicated by &ipner and #inner, respectively, are obtained
as linear combinations of standardized “outer estimates” of their adjacent LVs

Einner X YHouter (12)
and
ﬁinner X ﬁfoutera (13)

where the inner weights } and [Af can be alternatively defined by means of the centroid scheme, the factorial scheme or
the path weighting scheme.
Estimation modes for the outer weights: The outer weights w( are updated by means of Mode B (i.e. a multiple

regression of the “inner estimate” &pper on matrix X), while the weights vy are updated by means of Mode A (simple

regressions of the vectors y,, h =1, ..., ¢, on the “inner estimate” #inner)

& = (X'X) "' X Enner (14)
and

N n n N N

v = (”gnner"iﬂﬂer) ”;nnerY = ”gnnerY‘ (15)

The procedure is iterated until the algorithm converges, producing

& XX'X) ' X' (16)
and

o YY'E 17

From (16) and (17) it follows that PLS-PM does not respect properties (iv) and (v) given that:

e The final estimate & in (16) is proportional to the final estimate # and this does not respect the causal relation implied
in (3). Moreover, the final estimate # in (17) is a linear combination of the columns of matrix Y and this does
not respect the reflective scheme assumed in (5), although the outer weights, by means of Mode A, preserve this
assumption.

e The inner estimate #inner in (13) does not explicitly take into account the “error in equation”, i.e. further components
underlied by the block of formative MVs, which can be multidimensional (Tenenhaus et al., 2005).
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It can be observed that the LISREL model (Joreskog, 1973, 1981, 2000) satisfies properties (ii), (iv) and (v), but the
formative scheme assumed in (1) is substituted by a reflective scheme, which implies that properties (i) and (iii) are
not respected.

In fact, in the LISREL model instead of (7) we have

X=Z2Ax +A (18)
and consequently the reduced form of model (7)—(9) is

J=MLm +T, (19)
with a covariance structure equal to

¥, = LySwLy + 1. (20)

where

Ax 0

i| and T=[F E.

“Since no necessary and sufficient conditions for identification are available”, Joreskog (1981) suggests that “the
identification problem be studied on a case by case basis, examining the equations, choosing the restrictions, not
only in number but also in position”, in order to obtain unique parameters. Moreover, it has been demonstrated
that even if the parameters of the LISREL model are perfectly identified, the scores of the LVs are not unique
(Guttman, 1955; Schonemann, 1971; Vittadini, 1989). Given that the infinite scores of each LV in M express the
same concept, it would be opportune if these scores were highly and positively correlated. In practice, the correlations
between the “two maximally different” solutions M and M*, given by the diagonal elements of matrix

1/2

. ~1/2 ~1/2
2Dy,

ImMLME; 'Ly EmDy, > — Dy /*EmDy, 1)

(where Dy is the diagonal matrix of Xpg) can be weak or even negative.
4. The redundancy analysis approach to path modeling

In order to obtain solutions which respect properties (i)—(v), we propose a new approach based on the optimization
of the redundancy criterion (Stewart and Love, 1968) which is entitled RA-PM.

Traditional redundancy analysis (Van den Wollenberg, 1977) does not calculate errors in equations and endogenous
LVs, because it does not refer to structural equation models. RA-PM is an extension of redundancy analysis to a
formative-reflective structural equation model with r formative blocks and s reflective blocks. It consists of an iterative
procedure which is characterized by the following steps:

1. Estimation of exogenous LVs and initial estimation of endogenous LVs: The initialization of the RA-PM algorithm is
given by estimating each exogenous LV as the first redundancy component of the Y variables on the corresponding
X block. The choice of the redundancy criterion ensures that the maximum amount of information concerning Y is
extracted from each X block and that the causal structure of the model is respected. Next, the initial estimates of
the endogenous LVs are obtained by means of a Redundancy Analysis of each single Y block on the estimates of
the exogenous LVs.

2. Estimation of further components and updated estimation of endogenous LVs: The variables within each X block are
projected onto the orthogonal complement of the linear space spanned by all the redundancy components extracted
previously. Thus, an orthogonal subspace is identified for each X block. These subspaces are referred to as “residual
X blocks”. A second set of components is estimated by means of a redundancy analysis of the Y variables on each
residual X block. Next, the endogenous LVs are re-estimated by means of a redundancy analysis of each single Y
block on the linear space spanned by the first and the second set of extracted components. This scheme is iterated
according to a forward selection procedure. This procedure considers new residual blocks, extracts the corresponding
redundancy components and updates the estimates of the endogenous LVs, until the accounted redundancy added
at each iteration becomes marginal.
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3. Refinement of the solutions: A backward selection procedure of the extracted components is performed in order
to identify the minimal subset of components which accounts for a given Y redundancy level. Note that although
backward selection requires some amount of computational work, it guarantees that we obtain a more parsimonious
model. On the basis of the components which have been selected by backward selection, the final estimates of the
endogenous LVs are computed.

4. Estimation of structural parameters and loadings: Finally, the structural parameters of the model are estimated,
together with the errors in equations. Moreover, the estimation of the loadings of each y variable on the corresponding
endogenous LV is provided.

In the following, we present each step analytically, assuming that the MVs are centred.

4.1. Estimation of exogenous LVs and initial estimation of endogenous LVs

Estimation of exogenous LVs: Each exogenous LV &), j =1, ..., r,is estimated as the first redundancy component
&y =X @) (22)
i.e. the unit variance linear combination of block X ;) which maximizes the redundancy index Réfg , defined as
: q
R =" cor(X (o). ¥1)*/q. (23)
k=1

. ~ . . . . . . —1
In this way, @ ;) is computed as the eigenvector corresponding to the highest eigenvalue of matrix EX”)X(J_) LX), YEVX )
under the constraint

At N
OGHEX X D) =1 (24)
in such a way that é( j s standardized. We have thus established the following association:
Xy — S
Xy — &»-
The estimates of the exogenous LVs are arranged in matrix é, defined as

=&y 2 En)- (25)

Initial estimation of endogenous LVs: For each block Y ), k =1, ..., s, each endogenous LV 5 is estimated as

o

the first redundancy component ﬁﬁ}(‘;) on the linear space V& spanned by the columns of E, i.c. the unit variance linear

combination of the estimated exogenous LVs which maximizes the redundancy index REZ;H), defined as

: qx
(1 ll‘l) 2 2
R =Y corEpa, Yao) /i 26)
i=1
In this way, p) is the eigenvector corresponding to the highest eigenvalue of matrix Z;; ZEY@ZY(/«)?’ under the
constraint EE

in such a way that #) is standardized.
We have thus established the following association:

Yo — i)

A (in)

Yo — -
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4.2. Estimation of further components and updated estimation of endogenous LVs

Estimation of further components We define VX as the linear space spanned by Xy, - Xy, V() as the linear

space spanned by 5(1), .. é(r), Py ) and Qy 1y =I—Py, ) as the orthogonal projectors onto V(l) and V(D" , respectively
(here the orthogonal complement is defined in VX)), For j =1, ..., r, the “residual blocks” Qy X are taken into
consideration. The second component of block X ) is estimated as the first redundancy component, i.e. the unit variance
linear combination

A 1 .
‘/’En—Qv“)X(nlﬁw i=1...r 28)

which maximizes the redundancy index RE"’)), defined as

RE%) = ZCOY(QWDX(/')'//(]'» y0?/q. (29)
=1

In this way, ¥ is the eigenvector corresponding to the highest eigenvalue of matrix

-1
ZQV(I)X(j)QV(])X(j)ZQV(l)X(j)YEYQV(I)X(j)
under the constraint
/
V(iHEQ 1 X QX i) =1 (30)

in such a way that @y is standardized.
We have thus established the following association:

SPN()
Xy — &u o

: K
Xy = & @4

It can be observed that the estimates (pE}%, ey (})8; of the second set of components are not correlated to any of the

estimates 5(1), e, f(r) of the exogenous LVs (i.e. the first set of components), being linear combinations of vectors in
L .
V(D™ 1In this way, we ensure that the new components share no part of the already extracted redundancy.

~ ¢!
Next, we arrange the estimates ‘PS;» R (pg; in matrix (D( ), defined as

o =, ... .o 3D

. .o A . ..
and introduce matrix IT °, where the first  columns are those of matrix & while the remaining columns are those of

.ol
matrix ®

A~ (1 ~ A (1
"’ =z o, (32)

Updated estimation of endogenous LVs: For each block Yy, k=1, ..., s, the estimate # ) is updated by computing
~ (1
the first redundancy component ”Ek$ ) on the linear space V(D spanned by the columns of H( ) , 1.e. the unit variance

linear combination of the extracted components, which maximizes the redundancy index R((Z) Y , defined as

4k
upd ~ (1)
Ry = cor( 0. yao)* /. (33)
i=1
In this way, 9(1() is the eigenvector corresponding to the highest eigenvalue of matrix le[%”ﬁ“’ Eﬁ(l)Y(k) ZY(k)ﬁ(] ), under
the constraint

Al A~
O(k)zﬁu)ﬁ(l)e(k) =1 34

in such a way that #) is standardized.
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‘We have thus established the association:

~ (upd)
Yo — '1(1)

' A<upd>
Yoo — N -

~(2) ~ (p)

The above scheme can be iterated in order to provide the estimation of more sets of components ® , ..., ® " and
consequently, to update the estimates n(upd), ceey f]éuf D of the endogenous LVs.

In order to establish the number of components to be extracted and a suitable stopping rule, we adopt a forward
selection procedure. This means that the newly extracted components will be utilized for updating the estimates of
the endogenous LVs in the following two situations: first, if these new components add a relevant marginal proportion
of Y redundancy, or second, if the Y block redundancy accounted for by the updated q(“pd) variables increases in a
significant way (see Section 5 for a discussion of the indicators to be used to perform these evaluations).

4.3. Refinement of the solutions

Backward selection of the extracted components: In order to achieve the most parsimonious model, we apply a
backward selection procedure on the set of the extracted components: for each block X ;) we eliminate the components
¢(j) whose removal has minor effect on the accounted Y redundancies. This makes it possible to obtain a different
number of components for each block X

z ~ (1) ~ (V1)
Xay — <€ 0’(1) SR
' O - (vr)
X(r) — f(r) (P(r) . e (p(;)) s
where v;, j =1,...,r,is the number of selected components for block X ).

The estimates of the selected components are arranged in matrix @

~ (1) ~ (1) ~(v1) ~ (vr)
=[P1ys s Pirys s Py -5 Py 1 (35)
We then introduce matrix II whose first r columns are those of matrix Z while the remaining columns are those of
matrix ®

=g ®], (36)

thus the columns of IT contain all the components which have been selected by means of backward selection.

Finally, we indicate by VI the linear space spanned by the columns of I

Final estimation of endogenous LVs: For each block Y ), k =1, ..., s, the final estimate #) is obtained as the first
redundancy component on the linear subspace VIV i.e. the unit variance linear combination of the selected components
which maximizes the redundancy index R((Z) , defined as

9k
R =D corOuy., yooi)* /4. 37)
i=1
In this way, O(k) is the eigenvector corresponding to the highest eigenvalue of matrix X ﬁZHY(k) EY(k)ﬁ’ under the
constraint
~/ A
O Eibe =1 (38)

in such a way that #(x) is standardized.
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We have thus established the final association:

Yo — o

Yo — -

If we arrange the final estimates 11(1), ..., H(s) in matrix H= [#(1), -, His)] and the corresponding eigenvectors
0(1), .. 0(5) in matrix @ = [0(1), . B(S)], we can express the final estimates of the endogenous LVs as
H=10 =20, + 90, (39)

where @ is the matrix obtained from © retaining only the first » rows and ®, the matrix obtained from ©@ retaining
only the rows after the rth one.

4.4. Structural parameters and loadings

Structural parameters and errors in equations: The estimate ;) of the structural parameter y(y and the estimate
C «1y of the error in equation {(j) are obtained by means of a regression of #(;) on =

iy =Ea) + o) (40)

where (1) is the first column of matrix O, and 2(1) can be decomposed as 6(1) = (i)&(l), with &1y as the first column
of (:)2.

Under the assumption that #1y and the columns é(l Yoees é(r) of E form a linearly independent set of regressors, the
estimates §(2) and {(») are obtained by means of a regression of #(2) on (1 and E:

o = inbe) + Eie + o). (41)

where 8(2) can be decomposed as 6(2) = Ci)&(z).

For k =3, ..., s, under the assumption that the columns #1), . .., f(x—1) of matrix ﬁ(k_l) and the columns of =
form a linearly independent set of regressors, the estimates 9 and a‘ (k) are obtained by means of a regression of #)
on ﬁ(k—l) and £

i =He_nbw +Ehw +wy, k=3,...,5, (42)

where 2(k) can be decomposed as f(k) d)oz(k)
We now define ﬂ(l) as a zero vector and ﬁ(k), k=2,...,s, by means of the following association:

Zg(k)izé(k)i, 1<i<k—1 or B(k)i=0, k<i<s, 43)

where l;(k)i is the ith component of vector 5(k).

If we consider vectors if(k), Y and 2(k), k=1,...,s,as the kth columns of matrices ]§, I and Z, respectively, we
can express the final estimates of the endogenous LVs in the form of Eq. (9)

H=HB + &l + Z. (44)

Loadings: For each variable y), k =1,...,s,i =1,..., g, the loadings on the corresponding variable #) are
estimated as

i = @y ia) ™ A Yaor- (45)
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5. Model validation

At this point, an important question is raised: does the introduction of the errors in equations improve the model?
And if so, to what degree?

In order to evaluate the effectiveness of RA-PM as compared to traditional PLS-PM, we utilize the redundancy
criterion for both the exogenous and endogenous LVs.

An absolute measure of goodness of fit for the estimates of the exogenous LVs is the accounted redundancy associated
to the linear subspace V& with respect to Y

_ Tr(EIiZg Ee)
Red(Y|V®) = _TEE Y YE 46
ed(Y|V®) Y (46)
By dividing Red(Y|V®) by its theoretical maximum, we obtain a relative measure of goodness of fit
_ Tr(ZiiEg Eos)
RedREL(Y| V(.:.)) — ff‘ ZYTYE ) (47)
Tr(Egx ExyXyx)
If
Tr(Zgy ZxyE
Red(Y|X) = M (48)
Tr(Y'Y)
is the redundancy accounted for by X, from (46) and (47) we have
Red(Y|V®) = RedRFL(Y|V®) . Red(Y]X). (49)

Note that an analogous measure of goodness of fit may be calculated for the extracted components, thus representing
the accounted redundancy associated to the linear subspace VD with respect to Y.

A measure of goodness of fit for the estimates of the endogenous LVs is the redundancy accounted for by # ) with
respect to the single block Y )

'AT/(k)Y(k)sz)f](k)

Red(Y ) 1)) =
W T Tr(Y{, Yao)

. ok=1,...,s. (50)

6. RA-PM properties
6.1. The utilization of residual information in the formative model

Tenenhaus et al. (2005) state that “in a formative model, the block of MVs can be multidimensional”. In practice,
multidimensionality can be verified by means of various indicators (e.g. Goldstein-Dillon’s p, Cronbach’s o or Principal
Component Analysis). In these circumstances, in order to extract the residual information in the data, more redundancy
components need to be considered. In RA-PM, this is achieved by an iterative algorithm that extracts the most informative
components and generates a suitable orthogonal decomposition of the linear spaces spanned by the MVs in each X block.
In practice, on the basis of the redundancy criterion, the algorithm starts by extracting the most informative component
within each X block. By means of suitable orthogonal projections, it then identifies the “residual subspaces” (one for
each X block), i.e. those containing information which has not yet been extracted. At each successive iteration, the
most informative component within each residual subspace is extracted and new residual subspaces are obtained. The
algorithm stops when all the relevant residual information about Y contained in the X blocks is extracted.

6.2. Algebraic description and optimality
In order to justify the backward selection procedure and demonstrate the optimality of RA-PM algorithm, we adopt

an algebraic perspective based on the orthogonal decomposition of the linear space VX) induced by the iterative
extraction of the redundancy components.



5838 G. Vittadini et al. / Computational Statistics & Data Analysis 51 (2007) 5828—-5846

By performing the estimation of the exogenous LVs, we identify the linear subspace V& < VX defined as the

linear span of &), . . 2,‘(,) Slmllarly, when a second set of components is extracted, the linear subspace V" ¢ v &)

is identified as the linear span of 5(1), .. rf(r) (p( " Eg

The components which are extracted at dlfferent iterations are uncorrelated, thus the linear subspace

wh = span((pgg, ceey (7)8;) is orthogonal to V&) and the linear subspace V1 can ben expressed as

v —y® g w, D
As new sets of redundancy components are extracted, a chain of subspaces vE cvh c...cv® c yX,
¢ =max(vy, ..., V), s generated.

From the above discussion it can be deduced that
v —yk=Dgaw® =1, ¢ (52)

where W) is the linear space spanned by the redundancy components extracted during iteration k, and that VX can
be decomposed as

VO —y® awhg...qwo. (53)

At this point, if we halt the extractions at iteration i<t according to forward selection (i.e. when the marginal contri-
bution to the accounted redundancies due to W+ is negligible), VX can be decomposed as

v _yd g y@* (54)

If we then establish a target level of Y redundancy to be accounted for by the extracted components, backward selection
provides the removal of the less contributing components, reducing V© to a subspace VD of minimum dimension
accounting for the target redundancy level. In this sense, the procedure of estimation and selection of the components
(i.e the procedure of identification of the subspace VD) jg optimal. Based on this selection, the computation of the
final estimates of the endogenous LVs fulfills the optimality criterion of redundancy analysis. Hence, we can affirm
that the proposed estimation procedure for the LVs is optimal.

6.3. Features of RA-PM estimates
As a consequence of the adoption of the RA-PM algorithm, the following algebraic and geometrical features hold:

(i) Once the exogeneous and endogenous LVs have been estimated, the estimates B and I’ of the structural parameters
and the estimates Ay of the loadings are univocally determined.

(ii) The estimates Z of the errors in equations are linear combinations of the estimates ® of the further components,
which are uncorrelated with the estimates Z of the exogenous LVs; it follows that

cov(&y, ba) =0, Jj=1,....r, k=1,...,s, (55)

meaning that the estimates Z share no information with the estimates =

(iii) The estimates E E of the exogenous LVs are univocally defined as linear combinations of the X variables, the
estimates H of the endogenous LVs and the estimates Z of the errors in equatlons are umvocally defined as linear
combinations of the estimates = and ®. Moreover, the rank of the set {5(1), .. §(r) C(l), .. C(s)} does not
exceed the rank of X. .

(iv) The solutions respect the causal structure of the model. In fact, in the RA-PM algorithm the estimates Z are linear
combinations of the X variables, the estin}ates 7. are linear combinations of the estimates (i), and the estimates H
are linear combinations of the estimates E and Z.

(v) The errors in equations are taken into consideration for the estimation of the endogenous LVs, improving their
redundancy accounting capability.
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Table 1

LVs and MVs in the HC model

Exogenous LVs Formative MVs
Educational human capital (¢;) Educational indicators

H Years of schooling (z1)
S Years of schooling (z2)
H Father’s years of schooling (z3)
H Mother’s years of schooling (z4)
S Father’s years of schooling (z5)
S Mother’s years of schooling (z¢)
Household real assets (z7)
Household financial assets (zg)
Household total debt (z9)
Work experience human capital (&) Job indicators
H Age of entrance in the labour market (x)
S Age of entrance in the labour market (x2)
H Number of years of full time job (x3)
S Number of years of full time job (x4)
H Number of years of part time job (x5)
S Number of years of part time job (x¢)

Endogenous LVs Reflective M Vs
Ability to generate earned income (#;) Earned income
Household net disposable earned income (wages and salaries) (y;)
Household pensions and net transfers (y2)
Household net income from self-employment (y3)
Ability to generate property income (7,) Property income
Household income from property (y4)
Household financial income (ys)

Table 2
Percentage of Y, Y (1) and Y (2) redundancy accounted for by X

Red(Y|X) Red(Y(1)[X) Red(Y (3)|X)

34.51 31.86 60.68

7. The HC model
7.1. The variables

We will now briefly describe the M Vs involved in the HC model introduced in Section 1. The data regard n = 1936
Italian families and are drawn from the survey on Italian Household Budget performed by Banca d’Italia (2002).

As indicated in Table 1, the formative MVs associated with the two exogenous LVs regard variables pertaining
to education and work experience. Similarly, the reflective MVs associated with the two endogenous LVs regard the
indicators of earned and property income. For each family in the survey, some of the above variables are measured for
both household head (H) and spouse (S).

7.2. The model estimation

Before estimating the exogenous and endogenous LVs involved in the HC model, we evaluated the redundancy
accounting capability of X with respect to Y, Y (1) and Y (3). The results are reported in Table 2.

We then analysed the redundancy structure of the data. It is known that each eigenvalue of matrix ZPX(/)YPXU)Y is
associated with a redundancy component of Xy with respect to Y (D’ Ambra and Lauro, 1982); the analysis of these
eigenvalues enables to formulate some hypotheses on the optimal number of redundancy components to be extracted
(see Table 3).
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Table 3
First five eigenvalues for X(1) and X() blocks

Ist 2nd 3rd 4th Sth
X(1) block 0.9010 0.0901 0.0071 0.0013 0.0005
X(2) block 0.5161 0.3366 0.1208 0.0233 0.0031

Table 4

Percentage of Y redundancy accounted for by the extracted components at different iterations

Iteration Red(Y|V) RedREL(Y|v ()
1 21.02 61.49

2 30.92 89.61

3 34.07 98.72

4 34.40 99.67

5 34.48 99.91

Table 5

Percentage of Y(j) and Y ) accounted redundancy for by #1y and #(2) at different iterations

Iteration Estimate Red (Yl 1)) Estimate Red(Yo) 112)
£ (in) A (in)
n(l)d 18.50 q(z)d 16.28
i 18.96 VRS 30.52
~upd ~upd
3 VR 19.30 VRS 38.49
Table 6
Percentage of Y, Y (1) and Y(2) redundancy accounted for by the RA-PM estimates
Red(Y|V D) Red(Yn lfj1)) Red(Ylf2))
3243 18.79 38.03

It is evident that it is possible to extract only one redundancy component from block X(j) and three redundancy
components from block X(). Note that if we do not use the components beyond the first extraction, we lose a relevant
amount of information, as it is confirmed in Table 4, which reports the accounted Y redundancy corresponding to
different iterations of the algorithm. As the number of iterations grows, the accounted redundancy increases; however,
the increasing rate slows down after five iterations. (Note that we have indicated by V™) the linear space spanned by
the extracted components).

At each iteration we computed the estimates of the endogenous LVs and the corresponding accounted Y block
redundancy (see Table 5 ). The relevance of the residuals (taken into account by means of the components ex-
tracted after the first iteration) in improving the accounted redundancy is highly evident, particularly for the estimate
of n2).

By performing a backward selection procedure, and removmg the less contributing variables, we ultimately selected
E( 1), the first component from X(j), together with 5(2), ‘P(z) and (p(z) (i.e. the first three components from X)).
Table 6 reports the redundancy accounted for by the selected components and the final estimates of the endogenous
LVs. (We remind that VD indicates the linear space spanned by the selected components).
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Table 7
Percentage of Y, Y (1) and Y2 redundancy accounted for by the PLS-PM estimates

~ PLS » PLS N -
Red(Y|§(1) s é(z) ) Red(Y (1) ml()lL)S) Red(Y(2) m}()zL)s)
18.97 39.36 43.44
Table 8

Joreskog goodness of fit index (GFI) and minimum correlations

Minimum correlation

~ Lsr ~ Lsr ALlsr sLsr

GFI ) S Sy &
0.86 0.45 0.22 —0.01 —0.12
Table 9
RA-PM outer weights

21 22 23 24 z5 26 27 28 29
éﬂ) 0.41 0.51 —0.01 0.07 —0.04 0.13 0.29 0.01 —0.03

X1 X2 X3 X4 X5 X6
8(2) —0.06 0.78 0.37 0.25 0.44 0.49

7.3. Comparison with PLS path modeling and LISREL model

The HC data set has been also analysed by means of PLS-PM. The redundancy of Y, Y1) and Y ) which is accounted
for by the PLS-PM estimates is reported in Table 7.

From the above, it is evident that, when only the first extraction is performed, §(EL and §(§)LS account for ap-
proximately the same Y redundancy as RA-PM (21.02%, see Table 4). As more components are being estimated, the
accounted Y redundancy in RA-PM overcomes that accounted for by PLS-PM; this is particularly true for the selected
components. It should be noted that the total Y redundancy accounted for by f]FlL)S and ﬁFzL)S can be directly computed
as 40.62%, while the total Y redundancy accounted for by the X variables is 34.51% (see Table 2). This demonstrates
that a part of the accounting capability of PLS-PM is derived from the Y variables themselves and not from the X
variables.

Before interpreting the results, we verified the consequences of the non-uniqueness of the scores of the LVs and the
errors in equations in the LISREL Model. In Table 8, it can be seen that the goodness of fit of the LISREL Model is
high, but the correlations between the two maximally different solutions regarding the same identified model for HC
are far from 1 and also negative.

7.4. Interpretation of model parameters

The outer weights of the exogenous LV estimates (see Table 9) are in agreement with the knowledge of
HC (Vittadini and Lovaglio, 2004); in fact, (1) is correlated to both the years of schooling and household real assets (it

thus represents the educational HC), and &(2) is correlated to years of work (it thus represents the work experience HC).
The structural parameters are reported in Table 10; #(;) expresses a contrast between educational HC and work
experience HC, according to the Italian situation; #(2) presents structural parameters of different signs, but it is positively
correlated with &1).
The loadings of each y variable are reported in Table 11 and can be seen to be in agreement with a model for HC.



5842 G. Vittadini et al. / Computational Statistics & Data Analysis 51 (2007) 5828—-5846

Table 10
RA-PM structural parameters

fa) )

&y 034 1.58
) 0.78 ~1.92
VIO - 2.83
Table 11
RA-PM loadings

Y1 Yy Y3
fiq) 0.59 —-0.47 0.11

Yo Y2
o 0.48 0.82

8. RA-PM simulation study
8.1. The simulation experiment

In order to illustrate the effectiveness of RA-PM, we have performed a simulation study based on model (7)-(9),
withr =2,5s =2, p =28, ¢ =8 and n = 1000. The purpose of the simulation is to show how taking into account
redundancy components beyond the first extraction can improve the redundancy accounted for by the endogenous LV
estimates, particularly when the covariance structure within and between the formative and the reflective MVs does
not enable for unidimensional description of the variables. To this aim, we have first defined two reference situations,
indicated by A and K.

In situation A, the variables in the Y1) block are correlated with those in the X1y block alone and, similarly, the
variables in the Y () block are only correlated with those in the X(2) block; moreover the variables in the Xy block
are not correlated with the variables in the X(2) block.

On the contrary, in situation K there are cross correlations between the variables in the X and the Y blocks and there
are correlations among some of the variables in the X(;) block and some of the variables in the X2 block.

Situation A is transformed into situation K through nine intermediate situations (indicated by B—J). The transformation
is driven by a parameter which progressively transforms Z;Sg and Z%? into Zggg and Z%{)

More specifically, we first defined two lower triangular matrices U4) and U) such that matrices

2%2 —UMDYAD and Egg{) — y®y& (56)

reproduced the desired covariance structure for the two reference situations.
Starting from U and UX) we introduced a sequence of nine intermediate lower triangular matrices defined as

U9=1-0-UY 4. 0% (1=0.1,02,...,0.9). (57)

After obtaining the sequence {U"}, the corresponding sequence {Eg&} was computed and nine data sets of X variables,

distributed as N (0, Eg&), were generated. In this paper we report the results for only the nine intermediate situations
(from B to J), given that the reference situations were used only as a starting point for the generation of the other
data sets.

8.2. Discussion of the results

For each simulation case, the eigenvalues of covariance matrices ZPX“) YPx ) Y and EPX@) YPx, Y indicate the number
of relevant redundancy components within the X variables (see Table 12). In both cases, it is evident that, moving from
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Table 12
First five eigenvalues/trace (percentage) for X(1) and X2y blocks (situations B—J)

X(]) block X(z) block
1st 2nd 3rd 4th 5th 1st 2nd 3rd 4th 5th

B 65.99 10.78 5.95 5.34 3.88 67.71 10.33 7.23 4.38 3.28
C 64.44 11.98 5.56 5.26 4.06 67.08 9.64 7.58 4.60 3.46
D 64.16 13.26 5.49 4.71 3.94 67.44 8.90 7.31 4.72 3.71
E 64.60 14.65 5.24 4.17 3.67 67.98 9.16 6.15 4.80 4.22
F 64.35 16.29 491 3.85 347 67.16 10.07 6.23 4,78 443
G 62.46 18.68 4.57 3.75 3.52 63.95 12.95 6.95 4.79 4.14
H 58.79 22.67 4.44 4.17 3.23 58.44 18.59 6.91 4.67 3.97
1 53.79 28.52 4.70 3.90 2.87 51.67 25.67 6.47 4.52 3.90
J 48.07 35.56 4.49 3.63 2.50 44.72 33.02 5.94 4.56 3.78
Table 13
Percentage of accounted redundancy (situations B—J)

Red(Y|X) Red(Y[X(1)) Red(Y[X(2)) Red(Y1)|X) Red(Y ) |X)
B 64.58 32.67 32.69 64.50 64.66
C 61.43 32.16 31.72 61.84 61.02
D 58.90 32.63 31.45 59.91 57.89
E 57.27 34.03 31.94 58.79 55.75
F 56.80 36.27 33.33 58.51 55.08
G 57.54 39.13 35.77 59.04 56.04
H 59.34 42.34 39.24 60.34 58.34
1 61.86 45.63 43.41 62.34 61.37
J 64.77 4891 47.89 64.96 64.57

situation B to situation J, a second component is progressively revealed. From an analytical point of view, this is due
to the fact that the eigenvalues of a matrix are a continuous function of the matrix elements. In the simulation, the
eigenvalues are a continuous function of parameter ¢, driving the computation of the covariance matrices from situation
A, where there is only one relevant eigenvalue, to situation K, where there are two relevant eigenvalues.

Table 13 reports the results of a redundancy analysis performed on the variables involved in the simulation. It can be
seen that the redundancy accounting capability of the X variables concerning Y, Y (1) and Y (2) decreases as we leave
situation B, reaches a minimum in the middle cases, and then increases when approaching situation J; on the contrary,
the Y redundancy accounting capability of X(1) and X(3) increases progressively from situation B to J.

We ran RA-PM on the nine data sets, extracting a pair of components (i.e. a component from each X block) as the
number of iterations grows.

Table 14 reports the Y redundancy accounted for by the pairs of extracted components at each iteration. We note that
the higher the proximity to situation J is reached, the less the first extraction (i.e. the estimation of the two exogenous
LVs alone) accounts for the Y redundancy. This justifies the extraction of more redundancy components.

In order to show the relevance of the components beyond the first extraction, Table 15 reports the Y redundancy
accounted for by both the initial estimates f]?f;) and f]?zr;) and the final estimates #(1y and (2).

In the last three situations the improvement is remarkable, as it is expected by considering the redundancy structure
of the simulation cases.

8.3. Comparison with PLS path modeling and LISREL model

The simulation data sets have been also analysed by means of PLS-PM. The redundancy of Y, Y1) and Y (2) which
is accounted for by the PLS-PM estimates in situations B—J is reported in Table 16.

If in RA-PM only the first iteration is performed, the amount of Y redundancy accounted for by the estimates of the
two exogenous LVs is similar in the two approaches. However, if a second iteration is performed, the Y redundancy



5844 G. Vittadini et al. / Computational Statistics & Data Analysis 51 (2007) 5828—-5846

Table 14
Percentage of Y redundancy accounted for by the pairs of extracted components

1 2 3 4 5 6 7 8

B 43.51 50.30 54.51 57.54 59.90 61.63 63.19 64.58
C 40.57 47.24 51.25 54.20 56.60 58.41 60.02 61.43
D 38.42 44.46 48.63 51.56 54.06 55.98 57.52 58.90
E 37.04 42.90 46.95 49.91 52.42 54.46 55.89 57.27
F 35.97 42.37 46.36 49.37 51.88 54.00 55.43 56.80
G 34.72 42.39 46.73 49.79 52.32 54.50 56.25 57.54
H 33.03 43.55 48.00 51.09 53.75 56.09 58.00 59.34
1 30.84 45.63 50.07 53.30 56.01 58.43 60.44 61.86
J 28.28 48.20 52.61 56.05 58.83 61.20 63.27 64.77
Table 15

Percentage of Y(j) and Y () redundancy accounted for by ﬁE'l';), ﬁE'Z';) and #(1), (2

Red(Y()lA(})) Red(Yn lfi1)) Red(Yolf3)) Red(Y)lfj2))
B 42.93 42.96 43.74 43.74
C 39.78 39.85 40.23 40.27
D 37.12 37.24 37.08 37.20
E 35.11 35.63 34.47 34.76
F 33.56 35.11 3234 33.19
G 32.09 35.77 30.46 33.17
H 30.45 37.61 28.54 35.09
I 28.72 40.18 26.23 38.22
J 27.73 43.30 2270 41.87
Table 16
Percentage of Y, Y (1) and Y2 redundancy accounted for by the PLS-PM estimates
~ PLS ~ PL
Red(Y[¢)) s» ¢o) S) Red(Y(l)PAll()lL)s) Red(Y(z)\'AIsz)s)
B 47.78 51.02 52.26
Cc 44.90 48.41 48.56
D 4235 46.11 43.34
E 40.09 44.50 36.86
F 37.85 43.83 29.64
G 35.38 44.18 2247
H 32.74 45.44 16.12
1 30.23 47.34 11.15
J 28.18 49.49 7.65

accounted for by the RA-PM estimates becomes higher than in PLS-PM in all simulation cases. Concerning the estimates
of the endogenous LVs, a direct comparison between RA-PM and PLS-PM is more problematic because these two
approaches estimate the endogenous LVs in extremely different ways. In fact, while f]l()lL)S and ;’1(92135 are expressed as
linear combinations of the Y variables, the corresponding RA-PM estimates are expressed as linear combinations of
the X variables. Computing the redundancies of the Y blocks in PLS-PM, we see that f]?llgs accounts for a redundancy

comparable with that accounted for by #(1) in RA-PM. However, f;?zl‘)s reduces its accounting capability as it approaches
situation J, where it accounts for 7.65%.

We conclude by noting that when the Y redundancy structure of the formative blocks is not unidimensional,
the addition of more redundancy components really improves the redundancy accounted capability of the RA-PM
estimates of the endogenous LVs. We maintain that PLS-PM approach could also benefit from considering more
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Table 17
Joreskog goodness of fit index (GFI) and minimum correlations
GFI Minimum correlation
~ Lsr ~ Lsr aLlsr sLsr
M S 0 o

B 0.85 0.68 0.65 0.68 0.68
C 0.84 0.62 0.63 0.64 0.64
D 0.82 0.54 0.60 0.62 0.60
E 0.80 0.50 0.56 0.60 0.57
F 0.78 0.42 0.52 0.59 0.55
G 0.76 0.38 0.47 0.59 0.54
H 0.72 0.34 0.41 0.60 0.54
1 0.68 0.31 0.35 0.61 0.57
J 0.62 0.31 0.29 0.63 0.59

components. This would increase the redundancy accounting capability of the PLS-PM estimates of the endogenous
LVs and also match the formative scheme of the models underlying the data, as in the examples we have discussed in
this paper.

Finally, we have performed a LISREL model analysis on each simulation case. Referring to Table 17, it can be
seen that the goodness of fit is high in every situation, however the correlations between the two maximally different
solutions of the same identified models are in many cases far from 1.

9. Conclusions and further research

The paper proposes a new approach for the estimation of a structural equation model with a formative-reflective
scheme. The proposal is entitled RA-PM (redundancy analysis approach to path modeling) and consists of an alternative
approach to the PLS-PM approach introduced by Lohmoller (1989).

The new RA-PM algorithm provides unique solutions for both the LVs and the parameters by preserving the causal
structure of the model and utilizing all the relevant information in the formative MVs. The solutions are obtained by
means of an iterative procedure which optimizes the redundancy criterion of Stewart and Love (1968).

Future developments will address with the extension of the methodology proposed to the case of categorical MVs
based on the non-symmetric correspondence analysis quantification. In fact, it has been demonstrated that a relationship
exists between redundancy analysis and non-symmetric correspondence analysis (Lauro and D’ Ambra, 1984). As a
consequence, it is possible to consider in the model both simple and interaction effects among categorical variables.
Moreover, given that redundancy analysis represents a special case of PLS-PM with two sets of variables in the formative-
reflective scheme (Tenenhaus et al., 2005), the iterative steps of PLS regression can be successfully introduced in the
new proposed algorithm in order to overcome the problems related to missing data, multicollinearity and flat tables.
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